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D Divide-and-conquer algorithm is a numerically stable and efficient
1O b ‘ cm algorithm that computes the eigenvalues and eigenvectors of a O ur Ap p 10acC h
Find the eigenvalues and eigenvectors of a symmetric tridiagonal symmetric tridiagonal matrix. A major challenge in implementing Use multiple GPUs to merge multiple pairs of
matrix T. That is, find its eigendecomposition the algorithm on multiple GPUs is the low compute intensity at the <uboroblems in parallel
T — OD T bottom of the divide-and-conquer tree, where the subproblem size is P P ' |
— Q Q small. Conventional implementations on multi-GPU systems fall short * Form compute groups. Each compute group consists of one GPU
where Q is orthogonal and D is diagonal. D has the eigenvalues in of addressing this issue, leaving GPUs idle much of the time. We device and one CPU thread.
the diagonal and Q has the eigenvectors in its columns. overcome the problem by merging multiple pairs of subproblems in « Each compute group performs one merge task.
parallel. Preliminary runs show promising results. Our implementation ~ N N R
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Divide-and-Conquer Algorithm Counterpart, Frthermore t exhibits a meaningfal degree of scaling SMINE g MINE SINE
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1. Divide with respect to the number of GPUs, running 2x as fast on 4 GPUs as on A W h W - W
Divide the problem until we reach base cases: k x k tridiagonal HGEG.
systems where k is small.
\TZ & CO [T p Utatl Ongd ‘ Ch d ‘ |e ﬂge « Compute intensity is improved as GPUs no longer have to compete
T S 7 . cr s : . over limited amount of work; instead, we multiply the workload to
2. Conquer Compute |n§en5|tyf|s Iowhwhen the algorithm has just atch the number of GPUS.
Decompose the base cases using QR started merging up from the base cases. | _
e The algorithm needs to tackle many small subproblems first before lnitiat';arrrfgég G P U
proceeding to larger ones. Stage 1 (deflate)
\ - \ « Small Eubprob ems are not sufficiently bulky to keep muiltiple Stage 2 (eigenvalues)
GPUs busy at the same time. Stage 3 (eigenvectors)
T, Qx D, Q/? . . . _
« By the time the algorithm reaches bulky subproblems, it has only a Stage 5 (reorder) <P (back-transform)
3. Merge few merge operations to do - the number of subproblems halves at Conclude merge
Build a partial solution 5 from two eigendecompositions. cach level When merge sizes grow large, we may want to switch to the conventional
\\Tl HH \ — Hm \ — ) scheme where compute groups tackle one merge task at a time.
= — — — — NEIN MNE If subproblems grow too large to fit into GPU memory (e.g. 16384), we have to
\\\ Hm \\ — Hm \\ — ~N= — \ = peform the tasks out-of-core. For now, almost all tasks run on CPUs, except
S R E RT . = / HHHH‘HH \ = for matrix multiplication in Stage 4, which is done by GPUs.
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— . Many small subproblems A few large subproblems = 10 M 3GPUS
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. . . « Conventional multi-GPU implementations, such as one in the MAGMA =
yef E?]nfe(;rs%séfén d(erteadi?sls then decomposed by the tollowing stages. library [2, 3], split each merge task evenly among multiple GPUs. 1024 2088 e 10334 32708 SN0
1. Deflate the eigenvalues and eigenvectors that  Inherently serial ©A smgls merlig: tZSk E often tcl)to sm?II and does nlot &IVe (ISPU.Sth * Specification: 2 Intel® Xeon® E5-2620 CPUs + 4 NVIDIA® Tesla®
don't need to be explicitly computed. (permutation) enougt :VC)tL N O'b > afr(eEsPuU ’ perdormance >Cdles POOTly Wi K20c GPUs + 64 GB main memory + 5GB per-GPU memory
2. Solve the secular equation to compute the Parallelizable FESPEEL T TE NUMBEr > HeEE * 16x SPeef‘f% over se?uerwlFlaI vgrrs]|on when run onb4 GPfU(;PU
eigenvalues. « Meaningful degree of scaling with respect to number o S:
3. Solve an inverse eigenvalue problem to recover Parallelizable 4 GPUs twice as fast as 1 GPU | 0
the eigenvectors of the inner system. Qe]ce rences « Memory tr.ansfer between host and device accounts for 14.8% of
4. Recover the eigenvectors of T by computing  Highly parallelizable | o compute time.
Q = RU, where U has the eigenvectors collected (BLAS 3) [1]). Demmel. Applied Numerical Linear Aigebra, page 216-226 | Future work
: [2] MAGMA (Matrix Algebra on GPU and Multicore Architectures) Library, version 1.4.1. . .
in Stage 3. URL: http://icl.cs.utk.edu/magmar « Optimize the GPU kernels for secular equation solver (Stage 2).
5. Reorder the deflated eigenvalues/eigenvectors Inherently serial [3] C. Vomel, S. Tomoyv, J. Dongarra. “Divide and Conquer on Hybrid GPU-Accelerated » Divide parallel tasks (Stages 2-4) among CPUs as well as GPUs.
into their place. (permutation) Multicore Systems,” SIAM Journal on Scientific Computing, 34 (2), C70-82, April 12, 2012. « Form additional compute groups with leftover CPU cores.




